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Questions

Q1.

The curve with equation y = 2 In(8 — x) meets the line y = x at a single point, x = a.

(@) Showthat3<a<4

Y Y
y=x
H
y=2In(8 — x)

Figure 2
Figure 2 shows the graph of y = 2 In(8 - x) and the graph of y = x.
A student uses the iteration formula
x,_ ,=2In(8 —x). nel
in an attempt to find an approximation for a.
Using the graph and starting with x1 =4

(b) determine whether or not this iteration formula can be used to find an approximation for
a, justifying your answer.

(Total for question = 4 marks)
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Q2.

VA

=¥

Figure 8
Figure 8 shows a sketch of the curve C with equation y = x*, x>0
(a) Find, by firstly taking logarithms, the x coordinate of the turning point of C.

(Solutions based entirely on graphical or numerical methods are not acceptable.)

The point P(a, 2) lies on C.

(b) Showthat1.5<a<1.6

A possible iteration formula that could be used in an attempt to find a is

- = '..-' = 1—.1’"
“n+l —'1':1

Using this formula with x4 = 1.5

(c) find x4 to 3 decimal places,

(d) describe the long-term behaviour of x,

(Total for question = 11 marks)
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Qs.

The sequence u1, o, us,... is defined by

where k is an integer.
Giventhat us +2u2+ uz =0
(a) show that

3k?-58k+240=0
(b) Find the value of k, giving a reason for your answer.

(c) Find the value of us

(Total for question = 6 marks)
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Q4.

Vi

Figure 1

Figure 1 shows a sketch of the curve C with equation

4x* + x

Y= —4lnx x>0
N -

(a) Show that

dv  12x% + x —16+/x

—

dx 4x/x

The point P, shown in Figure 1, is the minimum turning point on C.

(b) Show that the x coordinate of P is a solution of

(c) Use the iteration formula

ra

3 12

4 5| :
x . =l-—— with x, =2
el 1

to find (i) the value of x» to 5 decimal places,
(ii) the x coordinate of P to 5 decimal places.
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(Total for question = 10 marks)
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Q5.

The curve with equation y = f(x) where

f(x) = x2+1In (2x? - 4x + 5)
has a single turning pointat x = a
(a) Show that a is a solution of the equation

2x3-4x2+7x-2=0

The iterative formula

is used to find an approximate value for a.
Starting with x1 = 0.3

(b) calculate, giving each answer to 4 decimal places,

(i) the value of x
(ii) the value of x4

Using a suitable interval and a suitable function that should be stated,

(c) show that ais 0.341 to 3 decimal places.

(Total for question = 9 marks)
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Mark Scheme

Q1.
Question Scheme Marks AOs
(a) Attempts £(3) = and f(4) = where f(x)=1(2n(8—x)—x) M1 21
£(3)=(2In(5) —x) = (+)0.22and f(4) =(2In(4)-4)=-1.23
‘ Al* 24
Change of sign and function continuous in mterval [3,4] = Root *
(2
(b) For annotating the graph by drawing a cobweb diagram starting at ,
x, =4 It should have at least two spirals e o
Deduces that the iteration formula can be used to find an approximation Al 50
for & because the cobweb spirals inwards for the cobweb diagram -8
(2
(4 marks)
Notes:
(a)

M1: Attempts £(3) = and £(4) = where f(x)=%(2In(8—x)—x)or alternatively compares

2In3 to 3 and 21n4 to 4. This is not routine and cannot be scored by substituting 3 and 4 in
both functions

Al: Both values (calculations) correct to at least 1 sf with correct explanation and conclusion. (See
underlined statements)
When comparnng terms, allow reasons to be 2in8=3.21>3, 2In4 =277 <4 or sumlar

()

M1: For an attempt at using a cobweb diagram Look for 5 or more correct straight lines_ It may not start
at 4 but 1t must show an understanding of the method. If there is no graph then it is M0 A0

Al: For a correct attempt starting at 4 and deducing that the 1teration can be used as the iterations
converge to the root. You must statement that 1t can be used with a sumtable reason. Sutable reasons
could be " it spirals inwards", it gets closer to the root”, it converges "

]
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Q2.
Part | Working or answer an examiner might | Mark | Notes
expect to see
(a) |y=rF=hy=xlnx M1 | This mark is for a method to find the
x-coordinate of the turning point of C by
taking logarithms
_ 1dy _ M1 | This mark is given for a method using
fipSxinx= S g ot implicit differentiation
Al | This mark 1s given for a correct
: I dy
expression for — —
v dx
Setting d—l =0, lnx+1=0 M1 | This mark 1s given for a method for
dx finding the turning point of C by setting
dy
—~ =0
dx
x=¢! Al | This mark is given for correctly finding a
value for the x-coordinate of the turning
point of C
(b) | 153%=1837.__16“9=2121_. M1 | This mark 1s given for substituting 1.5
and 1.6 into y = x*
The curve C contains the points (1.5, 1.8) Al | This mark 1s given for a valid explanation
and (1.6,2.1) AtP yv=2 that C' contains the pomts (1.5, 1.8) and
Since C'is contimuous, 1.5 <0< 1.6 {1:6.2.1) end 12 contemons
() |x=15 M1 | This mark 1s grven for finding a correct
x=2x 1505 = 1,633 R
x; =2 % 1633285 =1 466 Al | This mark is given for finding a correct
x3=2 % 1.46670466 = 1 673 value forx,
(d) | For example: Bl | This mark 1s given for a valid statement
v.  oscillates about the long-term behaviour of x,
1s penodic
is non-convergent
between 1 and 2 Bl | This mark 1s grven for stating that the
behaviour 1s between 1 and 2
(Total 11 marks)
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Q3.
Question Scheme Marks ADs
(a) 24
2 =k—12, u; =k— B i
1, u; 1 M1 L.1b
24
u._+2u;+u3=0:>2+2{k—l2}+.{'—ﬁzﬁ dmM1 1.1b
24 )
=3k-22-——=0=(3k-22)(k-12)-24=0
k—12 )
. Al* 2.1
=3k —36k—-22k+264-24=0
= 3k —58k+240=0%
3
(b) 40
k=6 [ 5 J M1 1.1b
k=6 as k must be an integer Al 23
(2)
(<) ( i, =}10 Bl 272a
(1)
(6 marks)
Notes
(a)
M1: Attempts to apply the sequence formula once for either w2 or ws.
3 2
Usually for u, =k —L—4 o.e. but could be awarded for u, =k —_—4
. 2 i their "u, "

dM1: Award for
* attempting to apply the sequence formula to find both %2 and w3
¢ usmg 2+2"i, "+"u;"=0=an equation in £ . The 3 may have been incorrectly adapted

Al*: Fully correct work leading to the printed answer.
There must be

* (at least) one correct intermediate line between 24+ 2(k-12)+ k—i =0 (o.e.) and the

given answer that shows how the fractions are "removed” Eg (3k—22)(k-12)-24=0

® no errors in the algebra. The = 0 may just appear at the answer line_

(b)
M1: Attempts to solve the quadratic which 1s implied by sight of k= 6.
This may be awarded for any of
* 37 —58k+240=(aktc)(bk+d)=0 where ab=3.cd =240 followed by k=
* an attempt at the correct quadratic formula (or completing the square)
* a calculator solution giving at least k=6
Al: Chooses k=6 and gives a minimal reason
Examples of a minimal reason are
* 0 because it is an integer
® 0 because 1t 15 a whole number

* 0 because 43—0 or 13.3 1s not an mteger
(<)

B1l: Deduces the correct value of u,.
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Q4.
‘ Question | Scheme ‘ Marks ‘ AOs |
a 1
@ Inx —»— B1 1.1a
N
. . 4xt4x
Method to differentiate ———=—— see notes M1 11b
2Jx
1 1
EE 2x35i+1xsx? Al L1b
2 2 2
dy 1 4 12x%+x—16x =
L _3dx+ -Z- Al® 21
dx 4Jx  x 4xx
“
(b) 123} +x—164x =0=>12x  +x¥ -16=0 M1 1.1b
i r { %
1_=i_£:ﬂ,=-i_£ * Al* 21
312 (3712
(3
© T
= —dl 2321 M1 11b
{3712}
xz=awrt 1.13894 Al 11b
x=115650 Al 22a
(3)
(10 marks)
Notes:
(a)
B1: Differentiates Inx —}l seen or implied
x
M1: Correct method to differentiate 5
2x
dx +x 2 T ) . 3 -
Look for T —#..X" +..x" being then differentiated fo Px>+__ or _+Qx *
2x
Alternatively uses the quotient rule on 2 £ ¥
2Jx
1
‘dy| 2Wx(dx+B)-(4x"+x)Cx *
Condone slips but if rule is not quoted expect [E = ‘H( * ) ( 1 = '] ! (4. B.C= 0)
e ) (2vx) '
L , L v —uw!
Bur a correct rule may be implied by their n, v, n, v* followed by applying ——— etc.

Alternatively uses the product rule on (4x* + x)(2Vx :|_

: {dy =X e
Condone slips but expect “% |=dAx ?(Bx+C)+D(4x* +x)x (4 B.C>0)

=

Vv

In general condone missing brackets for the M mark. If they quote # = 427 + x and v = 2+/x and don’t

make the differentiation easier, they can be awarded this mark for applying the correct rule. Also allow
this mark if thev quote the correct quotient rule but only have v rather than +* in the denominator.

Al: Correct differentiation of M although may not be simplified.

24x
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1
fdvy 2N (8x+1)—(4x% +x)x 2 1 1. 3 L
Examples: [d—‘]= ( ) [: ) . 1y 3{3x+1}—l{4x‘+1]x % 2>-<Ex3+%>clx
Ldx (2\..‘;]. 4 2 2 2

-

[

Al*: Obtains & _ M via 3ﬁ—L—i or a correct application of the quotient or product rule
dx dax Hr x
and with sufficient working shown to reach the printed answer.
There must be no errors e.c. missing brackets.

)
M1: Sets 125% + x—16y/x = 0 and divides by /3 or equivalent e g. divides by x and multiplies by v/x

3
dM1: Makes the term in 7 the subject of the formula
Al*: A correct and rigorous argument leading to the given solution.

Alternative - working backwards:

3 3
= xT =§—§:>12x3 =16—+x =122 =16Jx —x = 12x* —16/x +x =0

M1: For raising to power of 3/2 both sides. dM1: Multiplies through by +/x. Al: Achieves printed answer and makes a
nunimal comment e.g. tick. # QED, true etc.

(©
M1: Attempts to use the iterative formula with x; = 2. This is implied by sight of x, = 5 17 or awrt 1.14

Al: xy=awrt 1.13894
Al: Deduces that x=1.15650
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Q5.

Question Scheme Marks ADs
(a) £ (x)=2x+ 14.1(——1- M1 1.1b
2x —4x+5 Al 1.1b
”x+&—0:>2x(21]—4x+5]—4\'—4—0 dM1 | 11b
T —4x+S - '
2x  —4x? +T7x-2=0% Al* 21
(6]
h : 1 . W3
® G x:=?[2—4(0_31 ~2(03Y) M1 | 1.1b
x, =0.3294 Al 1.1b
(11) x, =0.3398 Al 1.1b
3
(c) h(x)=2x —dx" +7x-2
. , B M1 3.1a
h(0.3415)=0.00366... h{0.3405)=-0.00130...
States:
¢ there is a change of sign
r . . 2.
o f'(x) is continuous i !
* g=0.341to3dp
(2)
(9 marks)
Notes
(a)
M1: Differentiates 111{31'] —4x+ 5) to obtain %where g(x) could be 1
2x" —4x+
Al:For f'(x)= 2x+..4x7_4_
) S —4x+35
dM1: Sets their £'(x) =ax+%= 0 and uses "correct' algebra, condoning slips, to obtain a
X —4x+

cubic equation. E g Look for ax {;21’3 —4x+ S)ig(.\') =0 o.e. . condoning slips. followed by some

attempt to simplify
A1*: Achieves 2x° —4x° + 7x—2 = 0 with no errors. (The dM1 mark must have been awarded)

(b))

MI1: Attempts to use the iterative formula with x, = 0.3. If no method is shown award for x, =awrt0.33

Al: x, = awrt 0.3294 Note that is correct
A 3500
Condone an incorrect suffix if 1t 1s clear that a correct value has been found
(b)(11) . -
Al: x, = awrt 0.3398 Condone an incorrect suffix if it is clear that a correct value has been found
(<)

M1: Attempts to substitute x = 0.3415 and x = 0.3405 1into a suitable function and gets one value correct
(rounded or truncated to 1 sf). It 1s allowable to use a tighter interval that contains the root 0.340762654

Examples of suitable functions are 23° —4x% + 7x—2. _\-—l{4x3 —Ir 42 ) and f'(x) as this has been
7
found in part (a) with £'(0.3405)= - 0.00067... £'(0.3415)= (+) 0.0018

There must be sufficient evidence for the function. which would be for example, a statement such as
h(x)=2x"—4x" +7x—2 or sight of embedded values that imply the function. not just a value or values

even if both are correct. Ccndoneh{l‘ ] bemng mislabelled as £
h(0.3415:] =2x0.3415 —4x0.3415" + 7x0.3415-2

Al: Requires
* both calculations correct (rounded or truncated to 1sf)
* astatement that there 1s a change in sign and that the function 1s continuous
* aminimal conclusion e.g. v, proven, @ = 0.341, root





